In this article, we deal with iterative methods for approximation of fixed points and their applications. We first discuss fixed point theorems for a nonexpansive mapping or a family of nonexpansive mappings. In particular, we state a fixed point theorem which answered affirmatively a problem posed during the Conference on Fixed Point Theory and Applications held at CIRM, Marseille-Luminy, 1989. Then we discuss nonlinear ergodic theorems of Baillon's type for nonlinear semigroups of nonexpansive mappings. In particular, we state nonlinear ergodic theorems which answered affirmatively the problem posed during the Second World Congress on Nonlinear Analysts, Athens, Greece, 1996. Next, we deal with weak and strong convergence theorems of Mann's type and Halpern's type in a Banach space. Finally, using these results, we consider the feasibility problem by convex combinations of nonexpansive retractions and the convex minimization problem of finding a minimizer of a convex function.
Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H and let f be a proper convex lower semicontinuous function of H into (-m, m]. Consider a convex minimization problem
The number a is called an optimal value, C is called an admissible set and M = {y G C : f (y) = a} is called an optimal set. Next, define a function g : H -+ (-m We denote by F ( T ) the set of fixed point of T. Let A C H X H. Then, we can define a multivalued operator B from H to H by for all X E H . Inversely, if B is a multivalued operator from H to H, then we can define a set A in H X H by A = {(X, y) : X G H, y E Bx}. So, it is natural to regard a set in H X H in the same light with a multivalued operator from H to H. Let [47] . The proximal point algorithm is an iterative procedure, which starts at a point xi G H, and generates recursively a sequence {xn} of points xn+1 = J@ni where {An} is a sequence of positive numbers; see, for instance, Rockafellar [52]. On the other hand, let {gl, g2, . . . , gn} be a finite family of real valued continuous convex functions on a Hilbert space H. The problem is to find a solution of the finite convex inequality system, i.e., to find such a point X C C that Such a problem is called the feasibility problem. This problem is also connected with approximation of fixed points.
In this article, we first discuss fixed point theorems for a nonexpansive mapping or a family of nonexpansive mappings. In particular, we state a fixed point theorem which answered affirmatively a problem [34] posed during the Conference on Fixed Point Theory and Applications held at CIRM, Marseille-Luminy, 1989. Then we discuss nonlinear ergodic theorems of Baillon's type for nonlinear semigroups of nonexpansive mappings. In particular, we state nonlinear ergodic theorems which answered affirmatively the problem [69] posed during the Second World Congress on Nonlinear Analysts, Athens, Greece, 1996. Next, we deal with weak and strong convergence theorems of Mann's type and Halpern's type in a Banach space. Finally, using these results, we consider the feasibility problem by convex combinations of nonexpansive retractions and the convex minimization problem of finding a minimizer of a convex function.
Preliminaries
Let C be a nonempty closed convex subset of a Banach space E and let T be a mapping of C into C. Then we denote by R(T) the range of T. A mapping T of C into C is said to be asymptotically regular if for every X G C, Tnx -Tn+lx converges to 0. Let D be a subset of C and let P be a mapping of C into D. Then P is said to be sunny if P ( P x + t(x -Px)) = P x whenever P x + t(x -P x ) 6 C for X E C and t 2 0. A mapping P of C into C is said to be a retraction if P2 = P. If a mapping P of C into C is a retraction, then P z = z for every z 6 R(P). A subset D of C is said to be a sunny nonexpansive retract of C if there exists a sunny nonexpansive retraction of C onto D.
Let E be a Banach space. Then, for every e with 0 <: e < 2, the modulus S(&) of convexity of E is defined by A Banach space E is said to be uniformly convex if S(&) > 0 for every e > 0. E is also said to be strictly convex if llx + y\\ < 2 for X, y G E with ~~x~~ 1, 11 yl[ 5 1 and X # y. A uniformly convex Banach space is strictly convex.
Let E be a Banach space and let E* be its dual, that is, the space of all continuous linear functionals X* on E. The value of X* G E* at X E E will be denoted by (X,$*). With each X E E, we associate the set J ( x ) = {X* E E* : ( X , X*) = ~~x~~2 = l1~*11~}. Using the anach theorem, it is immediately clear that J ( x ) + 4> for any X G E. Then the multivalued operator J : E -+ E* is called the duality mapping of E. Let U = {X E E : ~~x~~ = 1) be the unit sphere of E. Then a Banach space E is said to be smooth provided lim llx + t~ l1 -llxll exists for each X , y G U. When this is the case, the norm of E is said to be Gateaux differentiable. It is said to be FrLchet differentiable if for each X in U, this limit is attained uniformly for y in U. The space E is said to have a uniformly Gateaux differentiable norm if for each y E U, the limit is attained uniformly for X E U. It is well known that if E is smooth, then the duality mapping J is single valued. It is also known that if E has a Frkchet differentiable norm, then J is norm to norm continuous; see [l71 for more details. A closed convex subset C of a Banach space E is said to have normal structure if for each closed bounded convex subset K of C, which contains at least two points, there exists an element of K which is not a diametral point of K . aillon and Schoneberg [6] also introduced the following weakening of the concept of normal structure: A closed convex subset C of a Banach space is said to have asymptotic normal structure if for each closed bounded convex subset K of (7, which contains at least two points and each sequence {xn) in K satisfying
where &(K} is the diameter of K. It is well known that a closed convex subset of a uniformly convex Banach space has normal structure and a compact convex subset of a Banach space has normal structure. A Banach space E is said to satisfy Opial's condition [48] if Xn X and x + y imply liminf \\Xn -X\\ < liminf \ X n -y\\, n-i-00 n-+m where denotes the weak convergence to X. Let S be a semitopological semigroup, i.e., a semigroup with Hausdorff topology such that for each s G S, the mappings t I-+ ts and t I-+ s t of S into itself are continuous. Let B(S) be the Banach space of all bounded real valued functions on S with supremum norm and let X be a subspace of B(S) containing constants. Then, an element p of X* is called a mean on X if llpll = p(1) = 1. We know that p E X* is a mean on X if and only if for every f G X. A real valued function p on X is called a submean on X if the following properties are satisfied:
(1) p ( f + ^) 5 ~( f ) + p(g) for every f, g c X; (ii) p ( a f ) = a p ( f ) for every f E X and a > 0; 'iii) for f , g E X, f 5 g implies P(/) 5 ^(g); (iv) p(c) = c for every constant function c.
Clearly every mean on X is a submean. The notion of submean was first introduced by Mizoguchi and Takahashi [46] . For a submean p on X and f E X, sometimes we use ^( f (t)) instead of p( f ) . For each s E S and f E B(S), we define elements isj and r, f of B (S) given by (l, f ) ( t ) = f (st) and (r, f ) ( t ) = f (ts) for all t E S . Let X be a subspace of B(S) containing constants which is invariant under l,, s E S (resp. r,, r E S). Then a mean p on X is said to be left invariant ( is a directed system when the binary relation "<" on S is defined by a < b if and only if { a } U Sa 3 { b } U S, a, b E S. Similarly, we can define the binary relation "<" on a right reversible semitopological semigroup S.
Fixed Point Theorems
In this section, we discuss fixed point theorems for a nonexpansive mapping or a family of nonexpansive mappings. The first fixed point theorem for nonexpansive mappings was established in 1965 by Browder [g] . He proved that if C is a bounded closed convex subset of a Hilbert space H and T is a nonexpansive mapping of C into itself, then T has a fixed point in C. Almost Further, we try to extend these theorems to a noncommutative semigroup of nonexpansive mappings. Let S be a semitopological semigroup and let C be a nonempty subset of a Banach space E. Then a family S = {Ts : S E S} of mappings of C into itself is called a nonexpansive semigroup on C if it satisfies the following: i ) Tstx = TsTtx for all s,t E S and X E C; (ii) for each X E C, the mapping S I--+ Tsx is continuous; (iii) for each s G S, Ts is a nonexpansive mapping of C into itself. For a nonexpansive semigroup S = {Ts : s G S} on C, we denote by F(S) the set of common fixed points of Ts, s G S. Let S be a semitopological semigroup, let C(S) be the Banach space of all bounded continuous functions on S and let RUC(S) be the space of all bounded right uniformly continuous functions on S, i.e., all f E C (S) We may comment on the relationship between "RUC(S) has an invariant mean" and "S is left reversible". As well known, they do not imply each other in general. But if RUC(S) has sufficiently many functions to separate closed sets, then 6'RUC(S) has an invariant mean" would imply " S is left and right reversible". Recently, Lau and Takahashi [39] generalized Lim's result [41] and Takahashi and Jeong's result [71] . has a common fixed point in C . To prove Theorem 3.9, we need two lemmas. (ii) for any finite non-negative real numbers {a1, a 2 , . . . , an} with V,^, a; = 1, there exists y G X such that xi a,f,(y) 2 c. Theorem 3.9 answers affirmatively a problem [34] posed during the Conference on Fixed Point Theory and Applications held at CIRM, Marseille-Luminy, 1989, whether Lim's result and Takahashi and Jeong's result can be fully extended to such Banach spaces for amenable semigroups. We do not know whether "normal structure "in Theorem 3.9 would be replaced by "asymptotic normal structure".
Weak Convergence Theorems
The first nonlinear ergodic theorem for nonexpansive mappings was established in 1975 by Baillon [4] in the framework of a Hilbert space. In their theorems, putting y = P x for each X G C , we have that P is a nonexpansive retraction of C onto F ( T ) such that P T n = T n P = P for all n = 1,2,. . . and P x G -co{Tnx : n = 0,1,2,. . . } for each X G C , where ~zA is the closure of the convex hull of A.
We discuss nonlinear ergodic theorems for a nonlinear semigroup of nonexpansive mappings in a Hilbert space or a Banach space. Before discussing them, we give a definition. Let If C is a nonempty subset of a Hilbert space H and S = {Ts : s G S} is a nonexpansive semigroup on C such that {Tp : s G S} is bounded for some x G C, then we know that for each U 6 C and v 6 H, the functions f ( t ) = IlT,u -vl12 and g(t) = (Ttu,v) are in RUC (S) . Let p be a mean on RUC(S). Then since for each X E C and y G H, the real valued function t t -+ (Ttx, y ) is in RUC(S), we can define the value A T t x , y ) of p at this function. By linearity of p and of the inner product, this is linear in y ; moreover, since it is continuous in y. So, by the Riesz theorem, there exists an xo G H such that for every y G H . We write such an XQ by TPx; see [64, 67] l] with E z l a n ( l -an) = m and l i m~u p , +~ Pn < 1, or E z l a n P n = m and limsupn+^, ,On < 1. Then {xn} converges weakly to a fixed point of T .
To prove Theorem 4.16, Suzuki and Takahashi [60] used the following two lemmas. Let I be an infinite subset of positive integers N. If {An} is a sequence of nonnegative numbers, then we denote by {A; : i 6 I} the subsequence of {An}- 
Then {X%} converges weakly to a common fixed point of S and T .
Further, Takahashi and Tamura [76] 
where sn Ã' c m as n Ã'> oo and { a n } is a sequence in [0, l] . I f { a n } is chosen so that
for some a with 0 < a < 1, then { x n } converges weakly to a common fixed point z E F ( S ) .
Strong Convergence Theorems
In this section,we discuss strong convergence theorems for nonexpansive mappings. Let .
Applications
In this section, we first deal with convergence theorems which are connected with the feasibility problem; for the feasibility problem, see Section 1. Using a nonlinear ergodic theorem, Grornbez [l31 considerd the feasibility problem in a Hilbert space setting. Let H be a Hilbert space, let Cb C->. . . . ,Cr be nonernpty closed convex subsets of H and let I e identity operator on H. Then the feasibility problem in a Hilbert space setting may ted as follows: The original (unknown) image z known a priori to belong to the intersection CO of r well-defined sets Cb C2, . . . , Cr in a Ibert space; given only the metric of H onto Ci(i = 1,2, , r ) , recover z by an iterative scheme. Crombez [l31 proved the following: Let T = aoJ + L. airi with T, = I + &(P, -I) for all i, 0 < A, < 2, for i = 0,1,2 ,... , r , _ n a; = 1 where each Pi is the metric projection of H onto pty. Then starting from an arbitrary element X of H, the converges weakly to an element of Co. Later, Kitahara and Takahashi [32] nd Tamura where { a n } C [O, l ] 
